Abstract. Using linear approximations of nonlinear systems has long been a practice to design control laws. In this paper, an analysis is given involving linear approximation of the nonlinear control system and small-time reachable sets in IR 2 . A useful concept, the swing-out, which is a measure of nonlinearity, is de ned. This is used t o examine the relationship between the small-time reachable sets of the nonlinear control system and its linear approximation. Behaviour of the nonlinear system under a control law is examined within this context. More facts are given about the swing-out for some special cases.
Introduction
It is rather common practice in control engineering to use a linear approximation of the nonlinear system to analyze it and design a control law, and then apply this law to the real system. While doing this, it is assumed that variations in the nonlinear dynamics are small so that the approximation would be good. This linearization is sometimes referred to as Lyapunov's linearization as Lyapunov stated in a theorem that stability properties of the linearized system are the same as local stability properties of the nonlinear system (Slotine & Li 1991) . The same linearization is usually termed as approximate linearization because there are in fact exact linearization methods such as feedback linearization which i n volves coordinate transformations to linearize the system via some feedback c o n trol law (Claude 1986 Mu & Cain 1990 ).
There is an ongoing interest in the approximate linearization phenomenon, and both theoretical and practical investigations about it have been carried out. Ruiz & Nijmeijer (1992) state via Sontag (1990) that Even in the case where the solvability conditions for the nonlinear problem and the associated linear problem are e quivalent, still the solutions of the linear pro b l e m d o n o t necessarily act as a rst order approximation of a solution for the nonlinear problem.
The practical wo r k o f T aylor & Antoniotti (1993) deals with minimizing the e ects of truncation and round-o errors incurred from linearization and numerical calculations by specifying the proper perturbation size for linearization. In Sharma & Zhao (1993) a method is proposed for nding a best tting linear system to the nonlinear one via an optimization procedure for the case the controls are speci ed.
In this work, the linear approximation is taken at a nonequilibrium point where the drift term does not vanish. So, the resulting system becomes in fact a ne rather than linear. The reason for this restriction is that, from our point of view, equilibrium points lead to singular situations. A very useful concept, the swing-out, a measure of nonlinearity, is de ned for systems on IR n . This is later on used e ectively to examine the relationship between the small-time reachable sets of the nonlinear control system and its linear approximation in IR 2 . When a bang{bang control law based on the linear approximation is prescribed, it is demonstrated that the type of the swing-out can describe the behaviour of the nonlinear system subject to this control. More facts about the swing-out are derived for weakly nonlinear systems and systems linearized at a point close to an equilibrium.
Preliminaries and De nitions
Consider the nonlinear dynamical system _ x(t) = X(x(t)) (2.1) where x(t) 2 IR n , a n d X is a C 1 vector eld de ned on IR n . Suppose the right-hand-side of the di erential equation is given componentwise as the vector X(x) = a 1 (x) : : : a n (x)] T (2.2) Here a i : I R n ! IR. Then the vector eld X can suitably be expressed as
The linear approximation to system (2.1) about point x(0) = x 0 is given as
where X L is the linear part of X and de ned to be
Note that when the vector eld X L is evaluated at x, the system (2.4) becomes
where A is an n n matrix whose entries are given by a ij = @a i @x i @x j
In fact, the system given in (2.6) is an a ne system, rather than linear, because of the constant t e r m X(x 0 ). In the case when x 0 is an equilibrium point, i.e. X(x 0 ) = 0, (2.6) reduces to a linear system by a l l o wing the transformation z = x;x 0 to get _ z = Az, z( 0 ) = 0 .
Throughout the paper, a ne systems will be considered. However, the term`linearized system' will be used in the place of`a nized system', because`a nized' does not sound very usual and convenient from the viewpoint o f t h e c o n trol theory literature.
Let ; X x 0 be the integral curve of X starting from x 0 for positive times. In other words, ; X x 0 is the solution curve of the dynamical system (2.1) with initial condition x(0) = x 0 . Let X t : V ! IR n , V IR n , b e t h e ow of X such t h a t x 0 7 ! ; X x 0 (t), that is to say, X t (x 0 ) = ; X x 0 (t), ; X x 0 (0) = x 0 .
The swing-out S X of X along X L is a vector eld given by S X = X ; X L (2.7) So, the swing-out vector S X (x), as illustrated in Figure 1 , is the rate of`escape' of ; X x 0 from ; X L x 0 at point x on ; X L x 0 . It tells us how f a s t ; X x 0 deviates from ; X L x 0 and therefore is a measure of nonlinearity. N o t e t h a t S X (x 0 ) = 0, which means that the linearized and nonlinear tangent v ectors X L and X are the same at x 0 , as expected.
An expansion involving the swing-out vector S X (x) can be given about x 0 by means of the Campbell-Baker-Hausdor formula (Krener 1975 Isidori 1989 as follows.
In this equation, the mapping ( X L ;t ) is the Jacobian of the ow X L and it maps a vector in the tangent s p a c e a t x = X L t (x 0 ) to another vector in the tangent space at x 0 . It has the property that ( X L 0 ) = 1 and ( X L t ) ( X L ;t ) = 1 (2.9) 
, u s i n g (2.7) and (2.11). Note that X L S X ] ( x 0 ) = 0, since X(x 0 ) = X L (x 0 ) a n d ( @X=@x)(x 0 ) = (@X L =@x)(x 0 ). Then (2.8) can be re-written by also using (2.9) as
Now, consider the following Taylor series expansion
Then equation (2.13) becomes
The Lie bracket X L X L X ]] is actually the second time derivative o f S X along X L to zeroth order. We shall denote it by S 00 X , i.e. The following de nitions are adopted from Krener & Sch attler (1989) . A trajectory of the system (2.18) corresponding to a control u( ) i s a c o n tinuous curve x( ) satisfying _ x(t) = f(x(t)) + u(t)g(x(t)) almost everywhere. A p o i n t x 1 is reachable from a point x 0 within time T if, and only if, there exists a trajectory x( ) de ned on an interval 0 t ], t T, such that x(0) = x 0 and x(t) = x 1 . The set of all such p o i n ts x 1 is denoted by R(x 0 T) R(x 0 T ) denotes the set of points that are reachable exactly at time T. W e shall denote R(x 0 T) b y R(x 0 ) f o r t h e s a k e of a simpler notation. The reachable set R(x 0 ) will be said to be small-time reachable set when T is su ciently small for the convenience of the rest of our work. The small-time reachable set for the linearized system will be denoted by R L (x 0 ).
Main Results
Consider the system (2.18) in IR which are`bang{bang' vector elds corresponding to the values of u = + 1 a n d ;1, respectively. Throughout this work, it is assumed that X(x 0 ) a n d Y (x 0 ), and X(x) and Y (x) i n small time, are linearly independent.
The vector elds, corresponding to u = + 1 a n d ;1, of the linearized system about x 0 are given as
The swing-out function X of X along X L is de ned to be
where < > denotes the Euclidean inner product, and X ? Two methods will be employed here for the proof. While the rst method is more geometrical and easier to visualize, the second method is more algebraic and seems to be e cient in doing calculations. travel towards where ; X x 0 has already swung, and eventually hit ; X x 0 . (The structure of small-time reachable sets guarantees this hit (Krener & Sch attler 1989) . Note that ; ;Y x is the reversed time integral curve o f Y a n d i t o verlaps ; Y x 1 where x 1 is the point ; ;Y x hits ; X x 0 . This suggests that x is reachable from x 1 , a n d t h us also from x 0 by switching at x 1 from X to Y . S o , a n y point o n ; X L x 0 is reachable from x 0 . Therefore ; X L x 0 R (x 0 ).
Method 2 : L e t x T be some point i n ; X L x 0 . Note that if there exists a switching time t c > 0 such that a switch a t ; Y x 0 (t c ) = x c from Y to X can get us to x T , t h e n a n y p o i n t i n ; X L x 0 is reachable from x 0 , a n d t h us the curve ; X L x 0 is contained in R(x 0 ).
Let us de ne a homotopy (or deformation) between the vector elds X and X L as Z(s) = X ; s S X 0 s 1 Note that Z(0) = X and Z(1) = X L . I t i s n o w assumed that the switching is made from Y to Z at time t, a n d x T is reached by means of Z in time r, separately. Then the condition t c > 0 for x T 2 R (x 0 ) can equivalently be written as dt=ds < 0. It is clear that in the case when dt=ds > 0, x T 6 2 R (x 0 ).
Note that Y t (x 0 ) = Z ;r (x T ) where for these ows the following Taylor series expansions can be made. Remark For a linear approximation about x 0 to be good, both of S X (x 0 ) a n d S Y (x 0 ) m ust be good. Otherwise, there will be points in R L (x 0 ) which are not reachable by the true system should the control law designed using the linearized system be utilized. It will be seen in the next theorem that this might be important especially when a feedback control is employed.
Note that for any target point x T 2 R (x 0 ) there exists a bang{bang control law t o g e t from x 0 to x T , b y using two bang-arcs. Suppose that this control law has been designed by using the linearized system, i.e. that the switching curve w h i c h passes through x T consists of the integral curves ; ;X L x T and ; ;Y L x T . Suppose again that this control law i s n o w used for the true system. Then one's observations of the outcome would be di erent depending on the type of the swing-out. The following theorem involves these observations. Proof . Parts of the proof which i n volve hitting the switching curves will be given heuristically. Suppose that we start with X and then switch t o Y . Note that the switching is necessary since x T 2 IntR(x 0 ). Proving the theorem for the other sequence of the vector elds, i.e. rst Y and then X, is just similar. (b) It must be shown that x T 2 R (x l ), ; Y x l hits ; ;X L x T , and the trajectory gets closer to x T at each hit on a switching curve. Since both of S X (x l ) a n d S Y (x l ) are good, x T 2 R (x l ) follows from Theorem 1a.
This Let the point at which t h e a b o ve hit occurs be denoted by x h . It is straightforward to show t h a t x T 2 R (x h ) a n d ; X x h hits ; ;Y L x T . On the other hand, x l 2 ; ;Y x h , therefore x l 6 2 ; Y x h and thus x l 6 2 R (x h ). So, ; X x h l a n d s o n a p o i n t i n ; ;Y L x T that is closer to x T . x T 2 R (x l ) a n d ; Y x l lands on some point x h 2 ; ;X L x T . H o wever, since S X (x 0 ) i s bad, x T 6 2 R (x h ) and furthermore ; X x h does not hit ; ;Y L x T , suggesting that ; X x h would be lost beyond our small-time horizon. So, x T is not accessible from x 0 .
Remarks Note that with the condition in part (a), x T 2 R L (x 0 ) ; R (x 0 ) is not accessible at all. In the same part, x T is accessible if, and only if, x T 2 ; X x 0 ; Y x 0 , i.e. x T is in the boundary of R(x 0 ).
With the described bang{bang control law applied to a nonlinear system, as long as the condition in part (b) is satis ed, it is possible to increase the accuracy of the solution with further switchings.
The following theorems give some additional facts about the swing-out.
Theorem 3 Consider the following system which is weakly nonlinear. In this work, the swing-out, a measure of nonlinearity, has been de ned for systems on IR n and then used in IR 2 to have a better understanding of the relationship between the small-time reachable sets of the nonlinear system and its linear approximation.. By means of this understanding, it has been revealed that the linear approximation can only be`good' under a certain condition, namely, w h e n e v er the swing-outs of both bang-arcs are`good'. This condition is equivalent t o s a ying that any p o i n t in the small-time reachable set of the linearized system must also be in the small-time reachable set of the nonlinear system. In the case when we have a certain type of bang-bang control designed using the linearized system, it has been shown that the target point x T is not accessible by using the nonlinear system subject to this control law, if either or both of the swing-outs of the bang-arcs are`bad'. In other words, the trajectory in this situation is divergent. If, however, both of the swing-outs are`good' then it has been shown that the trajectory gets closer to x T with each s w i t c hing. This is in a way the same as improving the solution to be near enough to x T with the above-mentioned control law.
Finally, t wo further facts have been proved about the swing-out, involving weaklynonlinear systems and systems linearized at a point close to an equilibrium. These facts state that the swing-outs of the bang-arcs of the systems concerned are of the same kind, that is they are either both good, or both bad.
In a future work, a generalization of this concept of the swing-out and small-time reachable sets to the spaces of dimension higher than two w ould hopefully reveal more facts about the structure of the linear approximation of nonlinear systems.
